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Abstract 



Using the contraction procedure introduced by us in Ref. |20|, we construct, in the first 
part of the present letter, the Jordanian quantum Hopf algebra Uh{sl{3)) which has a re- 
markably simple coalgebraic structure and contains the Jordanian Hopf algebra l/{h{sl{2)), 
obtained by Ohn, as a subalgebra. A nonlinear map between Uh{sl{3)) and the classi- 
cal sl{3) algebra is then established. In the second part, we give the higher dimensional 
Jordanian algebras Uh{sl{N)) for all A^. The Universal 7^h-™atrix of Uh{sl{N)) is also 
given. 

Keywords: Standard quantization, Nonstandard quantization, contraction procedure, 
Hopf algebra, universal 7^-matrix, Irreducible representations (irreps.). 

1 Introduction 

It is well known that the enveloping Lie algebra U{sl{N)) has two quantizations: The first 
one called the Drinfeld-Jimbo deformation or the standard quantum deformation [||, |^ is qu- 
asitriangular {TZ2iR- 7^ /), whereas the second one called the Jordanian deformation or the 
non-standard quantum deformation is triangular {TZ2iR- = I)- A typical example of Jor- 
danian quantum algebras was first introduced by Ohn |Q. In general, nonstandard quantum 
algebras are obtained by applying Drinfeld twist to the corresponding Lie algebras f^. The 
twisting that produces an algebra isomorphic to the Ohn algebra 0] is found in 0. 

Recently, the twisting procedure was extensively employed to study a wide variety of 
Jordanian deformed algebras, such as Uh{sl{N)) algebras [§, ^ [TD|, [TT[], symplectic algebras 
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Uh{sp{N)) |]T2|, orthogonal algebras Uh{so{N)) |T3|, |T^, |T5|, |T6|] and orthosymplectic superalge- 
bra Uh{osp{l\2)) [|l^, [T^. It appears from these studies that: 

1. The non-standard quantum algebras have undeformed commutation relations; 

2. The Jordanian deformation appear only in the coalgebraic structure; 

3. The coproduct and the antipode maps have very complicated forms in comparison with 
the Drinfeld-Jimbo and the Ohn deformations. 

To our knowledge, Jordanian quantum algebra Uh{sl{N)) has been written explicitly, with 
a simple coalgebra, only for = 2 [ffl. The main object of the present letter is to construct 



the Jordanian quantum algebra Wh(s/(3)) using the contraction procedure developed in pO 



and the map studied in Refs. The Wh(s/(3)) algebra presented here has the following 

properties: 

1. The Ohn algebra Wh(s/(2)) is included in our structure Uh{sl{3)) in a natural way as a 
Hopf subalgebra and appear here from the longest root generators i.e. from 63, /s and their 
corresponding Cartan generator h^; 

2. Our Jordanian deformed Wh(s/(3)) algebra may be regarded as the dual Hopf algebra of 



the function algebra Funh{S L{3)) studied in [g2 



3. The present Uh{sl{3)) algebra is endowed with a relatively simple coalgebra structure (as 
compared to previous studies [§, p^). 

Implementing our contraction technique we subsequently obtain higher dimensional Jorda- 
nian quantum algebras Uh{sl{N)) for arbitrary values of A^. 

This letter is organized as follows: The Jordanian quantum algebra Uh{sl{3)) is introduced 
via a nonlinear map and proved to be a Hopf algebra in section 2. The irreducible representa- 
tions (irreps.) of Wh(sZ(3)) are also given. Higher dimensional algebras Uh{sl{N)), N > 4 are 
presented in the sections 3 and 4. 



2 U\^(sl{3)): Map, Hopf Algebra, Irreps. and T^h-mcitrix 



In this letter, h is an arbitrary complex number. It was proved in 120] that the T^h-matrix of 
the Jordanian quantum algebra Uh{sl{3)) can be obtained from the T^g-matrix associated to 
the Drinfeld-Jimbo quantum algebra Uq{sl{3)) through a specific contraction which is singular 
in the q ^ 1 limit. For the transformed matrix, the singularities, however, cancel yielding a 
well-defined construction. Here we assume the Ug{sl{3)) Hopf algebra to be well-known p3| . 

For brevity and simplicity we limit ourselves to (fundamental irrep.) (S> (arbitrary irrep.). 
Recall that for Uq{sl{3)) algebra the i?q-matrix in the representation (fund.) (8> (arb.) reads 



Rn 



T^ifund.) ^ T^iarb.) ]'Tlq 



I q\{2hi+h2) ^\(2hi+h2)^ 



'■12 








■i(/ll+2ft2) 



(1) 



2 



where 



Al2 
Al3 

A23 



q~"\q-q-')hq-^^^'^^''\ 



q-"\q-q-')q-'^"f2. 



.±1 



The elements kf^ = q^^'^, kf^ = q^'"^, = q^'--' = q^^'-^ ' '-'^'^ ei, 62, 63 = 6162 — q 
/2 and /s = /2/1 — 5/1/2 are the Uq{sl{3)) generators. The corresponding classical generators 
are denoted by hi, h2, /13 = /ii + /12, ei, 62, 63 = 6162 - 6261, /i, /2 and fs = /2/1 - /1/2. 

We have shown in pOf that the nonstandard Rh-matrix (in the representation (fund.) (S) (arb.)) 
arise from the i^^-matrix (in (fund.) $>> (arb.)) as follows: 



±h2 ^, 



±1 



q±ih^+h,)^ ei, 62, 63 



(2) 

^"^6261, /i, 



lim 



En 



g - 1 y (/w.) 



-1 












he3 

q—l/ {arb.) 



^ q-lj (fund.) 







F-lf he3 ' 








V 









62 



/ 





-\{T + T-i)(/ii + h2) + f (T - T-i) 



where 



T=he3+Vl + h2ei, 
The deformed exponential in (3) is defined by 



T 



-1 








he3 + VI + h^ei. 



he3 

g — 1/ (arfe.) 





(3) 



(4) 



E,{x) 



E 



n=0 



-1 



[n\\ = [n] X [n — 1]!, 



[0]! = 1. 



(5) 



The following properties can be pointed out: 

1. The corner elements of (3) have exactly the same structure as in the i^h-matrix of 
Wh(s/(2)). This implies that the classical generators 63, /13 = /ii + /12 and /s of U{sl{?>)) are 
deformed (for the nonstandard quantization: W(s/(3)) — > Uh{sl{3))) as follows 



1 + h^ei, 



T = he3 - 



T- 



hes + Vl + h^ei, 



h2 



F, = f,--es{hi-l), 



(6) 
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and evidently satisfy the commutation relations 

[Hs,T]=T'-l, [H3,T-']=T-^~1, 
[T, F3] = ^ (^HsT + TH^ , [T-\ F3] = [h^T-' + T-'H: 

[H3, Fs] = (tF, + F,T + + . (7) 



2 V 

With the following definition (see Ref. @]) 

= h"^ InT = h"^ arcsinh hes, (8) 
it follows that the elements H3, and F3 satisfy the relations 

[//3,^3]=2^^, 

[//3,i^3] = -F3(^coshhE3) - (^coshhEs^Fs, 

[E,,F3] = Hs, (9) 

where it is obvious that as h — > 0, we have E^,, F3) — > (^3, 63, /3). It is now evident from 
(7) that Wh(s/(2)) C Wh(s/(3)). 

2. The expression (3) of the i?h-matrix indicates that the simple root generators ei and 62 
are deformed as follows: 



El = \/he3 + Jl + h2eiei = T'/^ 



ei, 



E2 = yhes + VI + h'eies = T^/^es- (10) 
To complete our Uh{sl{3)) algebra, we introduce the following h-deformed generators: 



H2 = -heg + + h^ei )iJl + h^ejh^ - -e^{h - /i2) = ^2 - T^esT'^h. (11 



The expressions (6), (10) and (11) constitute a realization of the Jordanian algebra Uh{sl{3)) 
with the classical generators via a nonlinear map. This immediately yields the irreducible 
representations (irreps.) of Wh(s/(3)) in an explicit and simple manner. 
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Proposition 1 The Jordanian algebra Wh(s/(3)) is an associative algebra over C generated 
by Hi, H2, H3, El, E2, T, T~^, Fi, F2 and F3, satisfying, along with (7), the commutation 
relations 

[Hi, H2] = 0, [Hi,T-'H,] = [H2, T-'Hs] = 0, 

[Hi, El] = 2Ei, [H2, E2] = 2E2, 

[Hi,E2] = —E2, [H2,Ei\ = —Ei, 

[T ^H3,Ei\ = El, [T '^Hs,E2\ = E2, 

[Hi, Fi] = -2Fi + hE2T-'Hs, [H2, F2] = -2F2 - hEiT-'H^, 

[Hi, F2] =F2- hEiT-'Hs, [H2, Fi] = Fi + hE2T-'Hs, 

[TH,, Fi] = -T^Fi, [TH,, F2] = -T^F2, 

[T-^Ei,Fi] = ^{T + T-')Hi + ^{T-T-')H2, 

[T-^E2, F2] = liT + T-^)H2 + \{T- T-')Hi, 

[T-'Ei,F2] = 0, [T-'E2,Fi] = 0, 

[Ei,E2]^^{T'-l), 

[TF2, TFi] = r^Fa - ^HsTH, - ^(T - T'^)^ 

[THi,T] = i(T2 - 1), [THi,T-'] = ^{T-' - 1), 

[TH2,T] = i(T2 - 1), [TH2,T-'] = ^{T-' - 1), 

[Hi, Fs] = (tFs + F^T + + -^T-i/f| - -^H^T'^H^, 



[H2, Fs] = -^(tFs + FsT + T-'Fs + F^T-'^ —T-'H^ - ^H^T-^H 

[Ei,T] = [Ei,T~'] = [E2,T] = [E2,T-^] = 0, 
[Fi, T] = hTE2, [Fi,T-^] = -\\T-^E2, 

[F2, T] = -hTFi, [F2, T-^] = hT-^Fi, 

[^1, ^3] = -\ (tF2 + F2T) , [E2, F3] = I (tFi + FiT 



3, 



[Fi, F3] = hTFi - hF2F3 + —TE2, 

4 



h 



2 



[F2, F3] = hTF2 + hFiF3 - -TFi. (12) 

Here we quoted only the final results. To obtain the realizations of Hi and H2 given in 
(11), we, in analogy with (6), started with the ansatz y^l + h^el/ii and ^1 + 11^63/12 for these 
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generators respectively. It is easy to see that 

[^1 + h^elh2, F3] = -^ (tFs + FsT + T'^Fs + F^T''^ 



' esih - h2)Hs + Hsesih - /i2) ) • (13) 



Then, if we add to y 1 + h^e^/ii and deduct from y 1 + Vi^e^h2 the term ^e^ihi — /i2), we obtain 
[(^1 + h^ei/ii + ^e3(/ii - /i2)), F3] = (tF3 + + T'^F^ + FaT-^) 

[(V^l + h2ei/i2 - ^e3(/ii - /i2)), F3] = (^^3 + F^T + T-^Fs + FsT-^) 

- ^T(/ii - h2)H^ - ^H^T{h^ - h2). (14) 

These commutation relations suggest the reahzations Hi ~ | y^l + h^Cg/ii + |e3(/ii — /i2) ) and 



-f^2 ~ (^Y ~'~ ^^63/12 — |e3(/ii — /i2) j • Finally, to preserve the Cartan subalgcbra, wc arc obliged 

to multiply both of these expressions by T~^. The resultant maps for Hi and H2 are quoted 
in (11). The expressions of Fi and F2 are obtained in a similar way. The expressions (6), (10) 
and (11) may be looked now as a particular realization of the Wh(s/(3)) generators. Other maps 
may also be considered. 

Proposition 2 In terms of the Chevalley generators (simple roots) {Ei, E2, Fi, F2, Hi, H2} , 
the algebra Uh{sl{3)) is defined as follows: 

r= (^i + 2h[£;i,£;2]j , r-^ = (^i + 2h[£;i,£;2]j , 

[i^i,i^2] = 0, 

[i/i, Fi] = 2Fi, \H2, -E'2] = 2i?2, 

[i^i, ^2] = —£"2, [-ff2, -El] = —£"1, 

{Hi, Fi\ = -2Fi + \yE2{Hi + ^^2), [^^2, ^^2] = -2^2 - h£;i(i/i + H2), 

[Hi, F2] = F2 - h£;i(//i + H2), [H2, Fi] = Fi + hE2{Hi + H2), 

[T-'Ei, Fi] = 1{T + T-')Hi + 1{T- T-')H2, 
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[T-^E,,F2]^[T-^E2,F,]^0, 
E^E2 — '2E\E2E\ -\- £'2-E'^ — 0, 
E^E\ — '2E2E1E2 ~\~ E1E2 — 0, 
(TFifTF2 - 2TF1TF2TF1 + TF2{TFif = 0, 

{TF2fTFi - 2TF2TF1TF2 + TFi{TF2f = 0, (15) 

or, briefly 

[H,,H,]=0, 

[Hi, Ej] = GijEj , [Hi, Fj] = -UijEj + T-'[Fj , T] {Hi + H2) , 

[T-'Ei, Fj] = Sij (r-'Hi + 1{T- T-'){Hi + H2)) , 
{adE,Y-'^^E,) = 0, i^j, 

{adTFif-''^i{TF^)^Q, i^j, (16) 

where {aij)ij=i^2 is the Cartan matrix of si (3), i.e. au = 022 = 2 and 012 = O21 = —1. 

3. We now turn to the coalgebraic structure: 

Proposition 3 The Jordanian quantum algebra lA^{sl{'i)) admits a H op f structure with coprod- 
ucts, antipodes and counits determined by 

A{Ei) = Ei®l + T0 El, 
A{E2) = E20I + T0E2, 

A{T) = T(g)T, A(r-^) = T"^ (g) r-\ 

A(Fi) = Fi ® 1 + ® Fi + hH3 E2 

= Fi g) 1 + ® Fi + T{Hi + H2) ® T-^[Fi, T], 

A(F2) = F2 ® 1 + ® F2 - h//3 ® El 

= F2 ® 1 + ® F2 + T{Hi + H2) ® T-'[F2, T], 

A(F3) = F^^T + T-^^Fs, 

A{Hi) ^Hi^l + l^Hi-^{l- T-2) (8) T-'Hs 

= Hi(E)l + l®Hi-^{l- r-2) ® {Hi + H2), 

A{H2) = //2 1 + 1 «) - ^(1 - T-2) T-^H^ 

= H2®l + l®H2-]^{l- r-2) ® {Hi + H2), 
A{Hs)^H3^T + T-'^H3, 
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S{E,) = -T'^Ei, S{E2) = -T-'E2, 

S{T) = T-\ S{T-^) = T, 

S{E,) = -TF^ + hTHsT-'E^ = -TF^ + T\Hi + H2)T-^[F^, T], 
S{F2) = -TF2 - hTHsT~'Ei = -TF2 + T\Hi + H2)T-^[F2, T], 
S{F,) = -TFsT-\ 

SiH,) = -H, - 1(T - T-')H, = -H, -\{T^- l)(^i + H2), 

S{H2) = -H2 - ^(T - T-^)H^ = -H2 - ^(T' - l)iH, + H2), 
SiH,) = -TH,T'\ 

e(a) =0, \/ae I^H^,H2,Hs,E^,E2,F,,F2,F3y 

e{T) = e{T-') = 1. (17) 

All the Hopf algebra axioms can be verified by direct calculations. Let us remark that our 
coproducts have simpler forms as compared to Refs. [|, |, 0, [Tl[ . 



Proposition 4 The universal TZh-matrix has the following form: 
where 

T = exp (hTHs ® E^) exp f 2hTEi ® T^^^a ) . (19) 



The 7^-matrix properties are verified using MAPLE. The element (18) coincides with the 
universal 7^-matrix of the Borel subalgebra and gives exactly the expression (3) in the repre- 
sentation (fund.) (S> (arb.). 

4. Following Drinfeld's arguments 0, it is possible to construct a twist operator G G 
W(s/(3))®^[[h]] relating the Jordanian coalgebraic structure given by (17) with the correspond- 
ing classical coalgebraic structure. For an invertible map m : Uh{sl{3)) — > W(s/(3)), : 
U{sl{3)) Wh(s/(3)), the following relations hold: 

{m (g) m) o A o m-\X) = GAoiX)G-\ 

moSom'\X) = gSo{X)g~\ (20) 

where X G W(s/(3))[[h]] and {Ao,eo,So) are the coproduct, counit and the antipode maps of 
the classical U{sl{3)) algebra. The transforming operator g{E W(s/(3))[[h]]) and its inverse may 
be expressed as 

g = tio{id®So)G, g-' = no{So0id)G-\ (21) 
where /i is the multiplication map. 
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For the map presented here in (6), (10) and (11), we have the construction 



G 



+ 



1 1 

g) 1 hf + -h^ 

2 8 

48 



f2 + 2(e3®e3)Ao(/t3) 



f2 + 6(63 ® e3)Ao{h)f - 4(Ao(e3))'f 



384 

+ 6(63^ 



- 16(Ao(e3))'f^ + 12(63 ® e3)Ao{hy + 12((e3 ® e3)Ao{hs)y 
) 1 - 1 e3')'Ao(/i3) + 12(Ao(e3))'(e3' 01 + 10 e3'')Ao{h) 



8Ao{es){es^ 1 + 10 es^)Ao{h) - 10{Ao{es))'' Ao{h) 



+ 0{h% 



g = l + he3(l + h'^es 



u2 2 
h 63 , 



(22) 



where f = /i3 63 — 63 /i3. The above twist operators, while obeying the requirement (20) 
for the full W(s/(3))[[h]] algebra, are, however, generated only by the elements (63, h^), related 
to the longest root. This property accounts for the embedding of the U\^{sl{2)) algebra in the 
higher dimensional U\^{sl{?>)) algebra. The transforming operator g is obtained in (22) in a 
closed form. The series expansion of the twist operator G may be developed upto an arbitrary 
order in h. The expansion (22) of the twist operator G in powers of h satisfies the cocycle 
condition 

(l0G)(id0Ao)G' = (G'0l)(Ao0id)G' (23) 

upto the desired order. The present discussion of the twist operator relating to the iYh(s/(3)) 
algebra may be easily extended to higher dimensional Jordanian algebras. (A systematic study 
of twists for Uu{sl{2)) can be found in [21]). 

5. Let us mention that there is a C-algebra automorphism (j) of ZYh(s/(3)) such that 

0(T±i)=T±i, 0(F3) = F3, (j){Hs) = Hs, 

(t>{E,)^E2, <I>(F,)^F2, (j>(H,)^H2, (24) 

(f){E2)^-E,, 4>iF2)^-F^, (t>{H^)^H^. 

(For h = 0, this automorphism reduces to the classical one (/ii, ei, /i, /i2, ^2, f-i) — > (/i2, ^2, /2, 
hi, — ci, — /i)). Also there is a second C-algebra automorphism (f of Wh(sZ(3)) defined as: 



ip{E{) = El, 
ip{E2) = E2, 



ipiFs) = -F3, 
V{F2) = F2, 



viHi) = Hi, 

ip{H2) = H2. 



(25) 



6. The expressions (6), (10) and (11) permit immediate explicit construction of the finite- 
dimensional irreducible representations of Wh(s/(3)). For example, the three-dimensional irre- 
ducible representations are spanned by 





(I 





-^ 

2 




(0 


1 


0\ 




(0 





\ 


Hi^ 











Ei^ 











Fi = 


1 





h 

2 




lo 









lo 





0) 




lo 





/ 



or, by 



Ho 




h 

2 










/O 0^ 



\0 -1. 



Ho 



H^ 





Fo = 






VI 0, 




(26) 



(27) 



The three-irrep. (27) is simply obtained form the irrep. (26) using the automorphism (p. The 
irrep. (27) has evidently no classical (h = 0) hmit. 



3 ^/h(5/(4)): Map and T^h-matrix 

The major interest of our approch is that it can be generalized for obtaining Jordanian quantum 
algebras Uh{sl{N)) of higher dimensions. Here we illustrate our method using W(s/(4)) as an 
example. Let hi = en - 622 = /ii2, h2 = 622 - 633 = /i23, ^3 = 633 - 644 = /i34, ei = ei2, 62 = 623, 
63 = 634, /i = 621, /2 = 632 and fs = 643 be the standard Chevalley generators (simple roots) of 
U{sl{4:)). The others roots obtained by action of the Weyl group are denoted by 613 = [ei2, 623], 

ei4 = [613,634], 624 = [623,634], 631 = [632,621], 641 = [643,631], 642 = [643,632], his = hi2 + h23, 

hii = hi2 + /?.23 + ^34 and /i24 = /i23 + ^34- As for Wh(s/(3)), the Jordanian deformation arises 
here from the longest roots, i.e. from 614, 641 and h^. These generators are deformed as follows: 

= -hei4 + yiTi^, 
Hu - ^Jl + h^el^hu, (28) 
with the well-known coproducts 

A{T)=T(g)T, A{T-^) ^ T-^ ® T-\ 

A{Eii) = Eii0T + T-^ E41, 

A{Hu) = Hu®T + T-^ ® Hu. (29) 



T = hei4 + yjl + h^ej^, 

-E'41 = 641 7614 (/li4 — 1), 
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By analogy with what is happen in Uh{sl{3)) algebra, the subsets {hu, eu, 621, 624, 642, /i24 
h23 + hi, ei4, 641, hu = hi2 + /123 + ^34} and {/113 = hi2 + /i23, 613, 631, 634, 643, ^34, eu, 641, 
hi2 + ^23 + ^34)3 are deformed exactly as presented above (see (10) and (11)), i.e. 



E12 = V hei4 + VI + h2ef4ei2 = T'/^e^, 



E24 = \/hei4 + + h2e24e24 = T'/^e24, 



E21 = \/-hei4 + V^Th^ef^eai + ^^hcu + \/l + h2e?4e24/ii4 = ^ ^/^^Cai + ^Te24hu 



Ei2 = \/-hei4 + \/l + h2e?4e42 - J^Vhcu + \/l + h2e?4ei2/ii4 = T ^/^f 642 - ^^612/^141, 



2 V V ■ X. V 2 

i^i2 = ( -hei4 + Vl + h2e?4 ) ( \/l + ^^ej^hu + ^e^ihu - h24)j = hu - ^euT'^hu, 

h 



= ( -hei4 + VI + ^'^4 ) ( VI + h2e24/i24 - -ei4(/ii2 - h24)j = h24 - -euT-^hu (30) 



and 



^13 = Vhei4 + VI + h'ef4ei3 = T^/^^^^^ 
^34 = \/hei4 + v^l + h2ef4e34 = T^/2e34, 



£■31 = ^-hei4 + yiTh^ef^egi + ^^he^ + /l + h2ef4 634/114 = T ^/2(^e3i + ^634/114) 



-E43 = \/-h6i4 + V^l + h2ef4643 - ^^hcu + V^l + h2ef46i3/ii4 = r"^/^(^e43 - ^613/114^, 

ifi3 = (^-hei4 + v'l + h2e?4^ (^^1 + h'^ej^hi^ + ^eu{hi3 - hu)^ = hs - ^euT'^hu, 

Hm = (-h6i4 + V^lTh2^) (\/lTh2^/i34 - ^ei4(/ii3 - /i34)) = - ^euT^'h^iSl) 

The elements i?23, -E'32 and if23 are obtained after analyzing the commutators [£'245 -£'43] and 
[£34, £42]. It is simple to see that these elements remain undeformed, i.e. 

-E'23 = 623 ) -E'32 = 632, i^23 = ^^23- (32) 

It is now easy to verify that 

^23 + ^34 = -f^24, [^12, -^23] = ^13, [-^^32, ^2l] = -^31, 

H12 + H23 = His, [E23, Esi] = i?24, [-£43, -£'32] = £42. (33) 



^Each subsets forms a U{sl{3)) subalgebra in U{sl{4:)). 
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Proposition 5 The generating elements Hi = Hu, H2 = H23, = H^a, Ei = E12, E2 = 
E23, i?3 = £'34, Fi = E21, F2 = E32, = £'43 of the Jordanian quantum algebra Uh{sl{A)) obey 
the following commutations rules: 



[H, 

[H. 
[H: 

[H3 



H. 



i + 2h[£;i,[£2,£^3]] 

[Hi,H3]^[H2,H3] 



1/2 



T-^^{l + 2^[Ei,[E2,E3\\ 



-1/2 



0, 



Ei\ — 2Ei, [Hi, £2] — —E2, 

El] — —El, [H2, -E'2] = '2E2, 

El] — 0, [H3, E2] — —E2, 

Fi] = -2Fi + T-^[Fi,T]{Hi + H2 + H3), 
Fs]^T-'[Fs,T]{Hi + H2 + Hs), 

Fi] — Fi, [H2,F2] — — 2F2, [i?'2,-p3] = -^3, 

Fi] = T-\Fi,T]{Hi + H2 + Hs), [Hs,F2] = F2, 
F3] = -2F3 + T-^[Fs, T]{Hi + H2 + Hs), 



[Hi,Es]^0, 
[H2, E2] — —E3, 
[Hs, E3] — 2Es, 
[Hi, F2] = F2, 



[T-^Ei, Fi] = T-^Hi + 2 - T-^){Hi + H2 + H^), 

[-E'2, -^2] = H2, 

[T-'Es, F3] = T-'Hs + ^{T - T-'){Hi + H2 + i/3), 

[T-'Ei,F2] = [T-'Ei,Fs]^0, 
[E2,Fi] = [E2,Fs]=0, 
[T-'Es,Fi] = [T-'E3,F2]^0, 
[Ei,Es] = [TFi,TFs\ = 0, 

0, 



E'^E2 — 2E1E2E1 + i?2-E'^ 
i^g-^s — 2E2E^E2 



EiEl 



2E2E1E2 + E2E1 



E3E2 



0, 



E2ES 



(TFifF2 
{TFsfF2 

or, briefly. 



2TFiF2TFi + F2{TFif 
2TFsF2TFs + F2{TFsf 



0, 
0, 



0, 

2EsE2Es + -E3-E2 = 0, 
TFiF| - 2F2TF1F2 + F|TFi = 0, 
F^TFs - 2F2TF3F2 + TFsF^ = 0, (34) 



= 0, 



[Hi, Hj] 
[Hi, Ej] 

[Hi, Fj] = -aijFj + {Sii + 5i3)T-'[Fj, T]{Hi + H2 + H^), 



[Ei, Ej] = [T^^'^+^») Fi, r^'^ii+^^-s)^^.] ^0, \i- j\ > 1, 

{adE,y-^^^{E,)=0, {t^j). 



(T-T-'){Hi + H2 + Hs] 



(35) 
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where (ajj)ij=i,2,3 is the Cartan matrix of sl^A). 



Proposition 6 The non-cocommutative coproduct structure of Uu{sl{4:)) reads: 





= El 


1 + T(8 


^1, 




A{E2) 


= E2 


1 + 1 (g) 


E2, 




A{Es) 


^Es 


® 1 + T(8 


E3, 




A(FO 


= i^iC 


g) 1 + T-^ 


Fi + (//i + i72 + Hs) 


g)T-i[Fi,r], 


A(F2) 


= F2C 


5 1 + T-^ 






A(F3) 




g) 1 + T-^ 


(8) F3 + (i/i + i/2 + Hs) 


g)T-i[F3,r], 


A{H,) 


= Hi 


®l + l®i/i--(l-T-2)®(i/^ 


+ H2 + H,), 


Am 


= H2 


® 1 + 1 ® 






Am 




01 + 10 




+ H2 + H:,). 



(36) 



In the (fund.) ® (arb.) representation, the i?h = {T^{fund.) ® 7'"(ar6.))'^h take the following 
simple form: 



Rh — 



(T 2hT-i/2e24 2hT-i/2e34 
/ 
/ 

VO 



\{T + r-i)(/ii + + /,3) + |(T - T-1) \ 
-2hTV2ei2 
-2hrV2ei3 



.(37) 



Proposition 7 T/ie universanZ\^-matrix for Uu{sl{^)) may he cast in the form: 

7^h = J^2i^, (38) 

= exp (^hri/i4 ® Eu^ exp (^2hTE34 ® T-2E13 + 2hrE24 T-2E12) , (39) 
Eu = h"^ In T = h"^ arcsinh he^- (40) 

The T^-h-matrix (38) coincides with the universal 7?.-matrix of the Borel subalgebra. Let us 
just note that the tensor elements T£'34 (0 T~'^Ei^ and T£'24 ® T~'^Ei2 commute. 



4 U\\{sl{N)): Generalization 

The Wh(s/(5)) algebra is derived in a similar way: The elements £^21 ^3, F2, F35 H2-, are not 
affected by the nonstandard quantization. From these above studies, It is easy to see that: 
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Proposition 8 The Jordanian quantization deform Uh{sl{N)) 's Chevalley generators as fol- 
lows: 

T = h[ei, [e2, • • • , [eiv-2, e^v-i] •••]] + ^1 + h2([ei, [e2, • • • , [eAr-2, cat-i] • • -J])^, 



T ^ = -h[ei, [62, • • • , [e7v-2, Civ-i] •••]] + y^l + h2([ei, [e2, • • • , [eiv-2, ejv-i] • • -J])^ 

^. _ (^a + ^i,iv-i)h ^^^^ ^^^^ ^ _ _ ■]]T-\h, + • • • + /i;v-i) (41) 

(i — 1, - ■ ■ , N — 1) and they satisfy the commutation relations 

[Hi, Ej] — QijEj, 

[Hi, Fj] = -UijFj + {Sii + 5i,N-i)T-\Fj,T]{H^ + • • • + H^-i), 

^T-(5n+Si,r,-i)E^^ F,] = 5ij (T-^Sn+Si,N-,)H. + (^!l±A^(j^ _ T-^)^H^ + . . . + HN_^)j , 

[E„E,]=0, \i-j\>l, 

^rpiSn+S,,N-i);p.^ rp{5ji+S,,N-i) p.^ ^0, \i-j\>l, 



1 

{adE,Y--^^{E,)=0, {1^3). 



[adT^^'^^^^'^-^^Fif-'''i{T^^^^^^^'^-^^Fj) = 0, {i ^ j), (42) 
where (atj)jj=i,...,Ar is the Cartan matrix of sl{N), i.e. an — 2, ai^i±i — —1 and aij — for 

The algebra (42) is called the Jordanian quantum algebra Uh{sl{N)). The expressions (41) 
may be regarded as a particular nonlinear realization of the Uh{sl{N)) generators. 

Proposition 9 The Jordanian algebra Uh{sl{N)) (42) admits the following coalgebra structure: 
A{Ei) ^Ei^l + t'^^^^+^',n-i) ^ p.^ 

A{Fi) ^Fi^l + T-^Sn+s.,N-i) ^ + j^^H^ + ■■■ + Hm-i) ® T-^[Fi, T], 
A{Hi)^Hi^l + l^Hi-^^^^^^p^{l-T-')^{H, + -.. + Hj,_^), 

S{Fi) = -T^^i^+^i,N-i)p. + 7^2^^^ + . . . + HN_i)T-^[Fi, T], 
S{Hi) = -H, + (^!l±A^(i -T'){H, + ... + H^^,), 

e{Ei) = e{Fi) = e{Hi) = 0. (43) 
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Proposition 10 The TZu-matrix ofUh{sl{N)) has the following general form: 



T^-h — -Fix J" 1 



(44) 



where 



T = exp[hTi/iAr ® exp i ^ '2)nTE^,^ 



Ik 



HlN = T{Hi + ■ ■■ Hn-i): 

EiN = h""*^ InT = arcsinh Hciat, 

EkN = [Ek, [• • ■ , [Ej^_2, -Eat-i]]], k — 2, 

En-1,N = Ejq_i, 

E\2 — El, 

Elk = [-El, [■ ■ • , [£'fc-2, -Efc-i]]], A; = 3, • ■ 



AA-2, 



N -I 



(45) 

(46) 
(47) 
(48) 
(49) 
(50) 
(51) 



and may he obtained from the TZq-matrix associated to Uq{sl{N)) via the contraction procedure 
discussed above, i.e. 



7^h 



lim 



heijv 



E., 



heiAT 



7^„ 



E. 



heiAT 



E., 



q-l 



(52) 



It is interesting to note that, via the nonhnear map (41), the h-deformed generators {Ei, Fi, Hi) 
may be also equipped with an induced co-commutative coproduct. Similarly, the undeformed 
generators (cj, fi, hi), via the inverse map, may be viewed as elements of the Uh{sl{N)) algebra; 
and, thus, may be endowed with an induced noncommutative coproduct. 
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